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Abstract. We give a physical realization of the Bala–Carter labels that classify nilpotent
orbits of semi-simple Lie algebras, for the case g = A,D,E. We start from type IIB string
theory compactified on an ADE singularity and study the six-dimensional (2,0) g-type
little string on a Riemann surface with punctures. The defects are introduced as D-branes
wrapping the 2-cycles of the singularity. At low energies, the little string becomes the (2,0)
conformal field theory of type g. As an application, we derive the full list of En little string
defects, and their Bala–Carter label in the CFT limit. Furthermore, we investigate new
relations between the quiver gauge theory describing the D-brane defects at low energies,
and the weighted Dynkin diagrams of g. We also give a physical version of the dimension
formula of a nilpotent orbit based on its weighted Dynkin diagram.
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1. Introduction
String theory predicts the existence of a six-dimensional conformal field theory with (2, 0)
supersymmetry; this theory has recently attracted a lot of interest, particularly as a means
to study lower dimensional quantum field theories ([1, 2, 3]; see also [4, 5]). It is labeled
by a Lie algebra g of ADE type. One can construct it from string theory by taking two
limits: Type IIB string theory is first put on an ADE surface X. Then, the string coupling
gs is sent to zero; this gives a six-dimensional string theory, called the (2, 0) little string.
Afterwards, the string mass ms is taken to infinity (or equivalently, the string length to
zero), while keeping the various moduli of the (2, 0) string theory fixed. As a result, the
theory doesn’t have any more scale parameters, and we end up with the (2, 0) CFT.
However, it proves useful to study the (2, 0) little string proper, at finite ms, instead of its
CFT limit. Namely, it is a powerful tool to analyze supersymmetric gauge theories in lower
dimensions. For instance, in [6], the (2, 0) little string is studied on a Riemann surface C,
with defects. Specifically, one introduces codimension-two defects as D5 branes that are
points on C and wrap non-compact 2-cycles of X. In the setup of [7], which we will use
again here for consistency of notations, one further compactifies the little string on a torus
T 2; the defects are then equivalently described as D3 branes at points on T 2, by T-duality.
The (2, 0) little string theory with the D3 brane defects turns out to be described by the
theory on the branes themselves (except at the singular origin of the moduli space). At low
energies, it is given by a 2d N = (4, 4) quiver gauge theory; the shape of the quiver is the
Dynkin diagram of g.
In [7], we fully classified the defects of the (2, 0) little string on C. The defects are described
by a set of weights of g, subject to some conditions. From this data, one can extract a
quiver gauge theory. After taking the string mass ms to infinity, to get a defect of the (2, 0)
CFT, one generically loses this low energy gauge theory description of the defects.1 How-
ever, in that limit, one is then able to extract a parabolic subalgebra of g. This subalgebra
characterizes a defect of the (2, 0) CFT which agrees with the known classification in terms
of nilpotent orbits [4, 8]. In other words, a given set of D3 branes wrapping 2-cycles of X
determines a unique parabolic subalgebra of g at low energies. In hindsight, the fact that
parabolic subalgebras make an appearance in the CFT limit could have been anticipated.
Indeed, in the limit, the brane defects of the little string become the surface defects of
N = 4 SYM studied by Gukov and Witten [9]. As they explain, these can be described as
the sigma model T ∗(G/P ), with P a parabolic subgroup of the Lie group G. A main result
of [7] is that the space T ∗(G/P ) should be identified with the Coulomb branch of the brane
1Indeed, the D-brane inverse gauge coupling τ must go to zero, because τm2s is a modulus of the (2, 0)
theory that is kept fixed in the limit.
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defect theory, when ms →∞.
In this paper, we elucidate further the connection between codimension 2 defects of the
little string and nilpotent orbits. In the CFT limit, we find that defects realize physically
the classification of nilpotent orbits derived by Bala and Carter [10]. In this note, we will
limit our analysis to the case g = A,D,E, but note that the Bala–Carter classification is
in fact applicable to all semi-simple Lie algebras. We derive the Bala–Carter labels for the
nilpotent orbits from the weight data that defines the low energy theory on the D3 branes
in the little string.
This characterization of defects is recovered in the context of 2d Toda CFT on C. Indeed,
the AGT correspondence [11] relates four-dimensional N = 2 theories compactified on a
Riemann surface to a two-dimensional g-Toda conformal field theory on the surface. The
Bala–Carter labels can be read off directly from null state conditions at level 1 in the Toda
CFT [12].
There exists yet another way to classify nilpotent orbits of g, which turns out to be related
to the above defect classification: by the so-called weighted Dynkin diagrams. These arise
as a consequence of the Jacobson–Morozov theorem and we will point out an unexpected
connection to the quivers arising in the little string theory context.
Indeed, any nilpotent orbit O has a representative X that fits into an sl2 triple. This means
that there exists a nilpotent Y and a semi-simple H with
[H,X] = 2X, [H,Y ] = −2Y, [X, Y ] = H. (1.1)
By the Jacobson–Morozov theorem, this triple is unique up to conjugation. One then con-
structs a quiver of Dynkin shape, with the integer entries 0, 1, or 2, from the semi-simple
element H. In this way, every nilpotent orbit is denoted by a distinct diagram, called a
weighted Dynkin diagram. Surprisingly, it turns out that these diagrams can be understood
as physical little string defect quivers; the integers 0, 1, or 2 of the weighted Dynkin diagram
should then be understood as the rank of unitary flavor symmetry groups. We do not have
an interpretation for this observation, but we nonetheless explore some of its consequences.
The paper is organized as follows. In section 2, we review the construction of [7], and the
classification of surface defects of the (2, 0) little string theory; we further recall how one
extracts a parabolic subalgebra from a defect, in the CFT limit ms → ∞. In section 3,
we show that this characterization of defects is precisely what is called the Bala–Carter
classification of nilpotent orbit in the mathematics literature [10]. In section 4, we review
how nilpotent orbits of g are also classified by weighted Dynkin diagrams, and we point out
a connection to the quivers arising in the little string theory. In appendix A, we give the
explicit list of defects of g = En little string and its CFT limit, as an application of the
Bala–Carter theory introduced in section 3.
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2. Review: Little String Defects and Parabolic Subalgebras
The (2, 0) ADE little string is a six dimensional theory, and therefore has 16 supercharges.
Its discovery dates back to [13, 14, 15] (see [16] for a review), and it has been studied more
recently in [17, 18, 19, 20, 21, 6, 22, 23]. It is obtained by considering type IIB string theory
on an ADE surface X and sending the string coupling gs to zero; this decouples the bulk
modes of the full type IIB string theory, and keeps only the degrees of freedom supported
near X. The space X is a hyperka¨hler manifold, obtained by resolving a C2/Γ singularity.
Here Γ is a discrete subgroup of SU(2) that is related to g by the McKay correspondence
[24].
Since the strings have a finite tension m2s, the little string theory is not a local QFT. At
energies below the string scale ms, it reduces to a (2, 0) 6d CFT.
2.1. Brane Defects of the Little String. We compactify the (2, 0) little string theory
on a Riemann surface C, which we take to be the complex plane. Then, X ×C is a solution
of the full type IIB string theory. Codimension-two defects are introduced as branes that
are points on C and fill the four remaining directions C2. These are D5 branes in IIB string
theory, wrapping non-compact 2-cycles in X and C2 [6]. Their tension remains finite in
the little string limit. Equivalently, after further compactifying the theory on T 2 and using
T-duality, the defects are described by D3 branes at points on T 2. This viewpoint has the
advantage of giving the little string theory origin of the surface defects studied by Gukov and
Witten [9]. Indeed, after T 2 compactification and at energies far below ms, the little string
theory becomes 4d N = 4 SYM [25], and the D3 branes become codimension two defects.
In particular, S-duality of N = 4 SYM with surface defects originates from T 2-duality of
the little string. For details, see [7].
The dynamics of the (2, 0) little string theory on C ×C×T 2, with an arbitrary collection of
D3 brane defects at points on C × T 2, is captured by the theory on the branes themselves.
Because C has a flat metric, the theory on the D3 branes at low energies is a two-dimensional
quiver gauge theory, of shape the Dynkin diagram of g [26]. The theory has 2d N =
(4, 4) supersymmetry, since the D3 branes break half the supersymmetry. As in [6, 7],
we are interested in the class of D3 branes that retain some conformal invariance in the
resulting low energy theory (the terminology here is borrowed from four dimensions, before
T 2 compactification). This corresponds to a very specific choice of non-compact 2 cycles of
X wrapped by the D3 branes. The moduli of the 6d (2, 0) theory become gauge couplings
of the 2d theory. The positions of the D3 branes on C wrapping non-compact two-cycles
of X become the masses of fundamental hypermultiplets. Finally, the positions of the D3
branes on C wrapping compact two-cycles of X become Coulomb moduli.
In the rest of this paper, we study the quiver gauge theory that describes this low energy limit
of D3 branes that wrap 2-cycles of the ALE surface X times C – we will call this theory T 2d.
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To specify the charge of D3 branes wrapping non-compact two-cycles of X, we pick a
class [S∗] in the relative homology H2(X, ∂X;Z) = Λ∗; by the McKay correspondence, this
homology group is identified with the (co-)weight lattice of g:
[S∗] = −
n∑
a=1
mawa ∈ Λ∗ , (2.2)
with wa the fundamental weights,
2 ma non-negative integers, and n = rank(g). As explained,
we want to preserve conformal invariance in the low energy quiver theory (in a 4d sense).
This is equivalent to a vanishing D3 brane flux at infinity. We therefore need to add
additional D3 branes wrapping a compact homology class [S] in H2(X,Z) = Λ. This
homology group is identified with the root lattice of g:
[S] =
n∑
a=1
da αa ∈ Λ. (2.3)
Here, αa are the simple positive roots of g, and da are non-negative integers such that
[S + S∗] = 0. (2.4)
If S+S∗ vanishes in homology, then #(Sa∩(S+S∗)) vanishes as well, for all a. We therefore
rewrite (2.4) as
n∑
b=1
Cab db = ma , (2.5)
with Cab the Cartan matrix of g.
Going to the Higgs branch of the low energy quiver theory, the gauge group
∏n
a=1 U(da)
breaks to
∏n
a=1 U(1). There, all the D3 branes recombine and form a configuration of D3
branes wrapping a set of non-compact cycles S∗i ; their homology classes ωi live in the weight
lattice Λ∗ = H2(X, ∂X;Z):
ωi = [S
∗
i ] ∈ Λ∗. (2.6)
In what follows, the weights ωi will all belong to fundamental representations of g. Different
configurations of the weights ωi end up classifying the defects of the little string [7]. Every
one of these ωi’s comes from one of the non-compact D3 branes on S
∗. For the branes to
bind, the position of each compact brane has to coincide with the position of one of the
non-compact D3 branes on C. As we mentioned, the positions of non-compact D3 branes
are mass parameters of the quiver gauge theory, while the positions of compact D3 branes
on C are Coulomb moduli. Whenever a compact brane and a non-compact brane meet on
C, the corresponding fundamental hypermultiplet becomes massless and can get a vacuum
expectation value. These vevs describe the root of the Higgs branch.
Thus, on the root of the Higgs branch, we can write the weights ωi in the following form:
2These are the weights that are represented by unit vectors in the Dynkin basis.
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ωi = −wa +
n∑
b=1
kib αb,
where −wa is a negative fundamental weight, the kib are non-negative integers, and the αb
are positive simple roots (from bound compact D3 branes). The collection of weights
WS = {ωi} (2.7)
we get must be such that it accounts for all the D3 brane charges in [S∗] and in [S]. One
simple consequence is that the number of ωi’s is the total rank of the 2d flavor group,∑n
a=1ma. Because the net D3 brane charge is zero, [S + S
∗] = 0, so that∑
ωi∈WS
ωi = 0,
which is equivalent to (2.5). In this note, we take the setWS to have size at most n+1, as a
n+1 weights are sufficient to describe the most generic defect of the g-type little string. We
emphasize that all weights ofWS we consider will be taken in fundamental representations.
As an example, the full puncture of g = D4 is featured below.
Example 2.1. Let WS be the following set of weights of D4:
ω1 = [ 1, 0, 0, 0] = −w1 + 2α1 + 2α2 + α3 + α4,
ω2 = [−1, 1, 0, 0] = −w1 + α1 + 2α2 + α3 + α4,
ω3 = [ 0,−1, 1, 1] = −w1 + α1 + α2 + α3 + α4,
ω4 = [ 0, 0,−1, 0] = −w3,
ω5 = [ 0, 0, 0,−1] = −w4.
Note that these weights add up to zero, as they should. Written as above, these weights
define a 2d quiver gauge theory, shown in Figure 1.
4 5
3
3
3
1
1
Figure 1. The quiver describing a full puncture for g = D4. Unitary gauge
groups are circles, while unitary flavor groups are squares.
This quiver gauge theory description is only valid at finite ms. After taking the ms → ∞
limit, the (2, 0) little string becomes the (2, 0) CFT of type g; in general, this results in
the loss of the Lagrangian description of the defect. In particular, the Coulomb branch
8 LITTLE STRING DEFECTS AND BALA–CARTER THEORY
dimension, previously equal to
∑n
a=1 da, generically decreases for g = Dn, En. This loss of
Coulomb moduli is not unexpected, since in the limit, the theory loses degrees of freedom.
We denote the resulting theory by T 2dms→∞.
In this setup, it turns out there is a remarkably simple classification of defects, divided into
two categories, both for the little string defect T 2d and for its (2, 0) CFT limit T 2dms→∞. We
now review it.
2.2. Polarized Defects. Pick a weight ω in the a-th fundamental representation of g, la-
beled by the fundamental weight wa. Suppose that ω is in the Weyl group orbit of −wa;
then if all weights of WS satisfy this condition, we call the resulting 2d theory T 2d on the
D3 branes polarized. In the CFT limit, such a theory T 2dms→∞ distinguishes a parabolic sub-
algebra.
First remember that a Borel subalgebra of g is a maximal solvable subalgebra of g. It can
always be written as b = h⊕m, with h a Cartan subalgebra of g and m =∑α∈Φ+ gα, where
gα are the root spaces associated to a set of positive roots Φ
+. In what follows, we fix this
set of positive roots, or equivalently, the Borel subalgebra b, for each g.
A parabolic subalgebra pΘ is a subalgebra of g that can be written as
pΘ = lΘ ⊕ nΘ.
Here, Θ is a subset of the set of simple positive roots of g. Here, lΘ = h ⊕
∑
α∈〈Θ〉 gα is
called a Levi subalgebra, and nΘ =
∑
α∈Φ+\〈Θ〉+ gα, is called the nilradical of pΘ. 〈Θ〉 is the
subroot system of g generated by Θ, and 〈Θ〉+ is made of the positive roots of 〈Θ〉.
Note that this implies nΘ ∼= g/pΘ. See below for an example:
Example 2.2. Consider g = A2 in the first fundamental representation, which is the defining
representation of sl3. The root space gα associated to a root α = hi− hj is CEij, where Eij
is a matrix that has a 1 in the i-th row and j-th column, and zeros everywhere else. (See
Table 1 below for an illustration.)
Θ pΘ lΘ nΘ
∅
∗ * *0 ∗ *
0 0 ∗

∗ 0 00 ∗ 0
0 0 ∗

0 ∗ ∗0 0 ∗
0 0 0

: α1 : (α1 + α2)
: α2
Table 1. The colored boxes label the root spaces associated to the positive
roots of g, as indicated.
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The Borel subalgebra we choose is
b =
∗ ∗ ∗0 ∗ ∗
0 0 ∗
 .
Then the Cartan subalgebra has the form
h =
∗ 0 00 ∗ 0
0 0 ∗
 . (2.8)
The full list of all A2 parabolic subalgebras is:
p∅ = b =
∗ ∗ ∗0 ∗ ∗
0 0 ∗
 , p{α1} =
∗ ∗ ∗∗ ∗ ∗
0 0 ∗
 , p{α2} =
∗ ∗ ∗0 ∗ ∗
0 ∗ ∗
 , p{α1,α2} =
∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗
 ,
with Levi decomposition:
p∅ =
∗ ∗ ∗0 ∗ ∗
0 0 ∗
 =
∗ 0 00 ∗ 0
0 0 ∗
⊕
0 ∗ ∗0 0 ∗
0 0 0
 = l∅ ⊕ n∅, (2.9)
p{α1} =
∗ ∗ ∗∗ ∗ ∗
0 0 ∗
 =
∗ ∗ 0∗ ∗ 0
0 0 ∗
⊕
0 0 ∗0 0 ∗
0 0 0
 = l{α1} ⊕ n{α1}, (2.10)
p{α2} =
∗ ∗ ∗0 ∗ ∗
0 ∗ ∗
 =
∗ 0 00 ∗ ∗
0 ∗ ∗
⊕
0 ∗ ∗0 0 0
0 0 0
 = l{α2} ⊕ n{α2}, (2.11)
p{α1,α2} =
∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗
 =
∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗
⊕
0 0 00 0 0
0 0 0
 = l{α1,α2} ⊕ n{α1,α2}. (2.12)
Parabolic subalgebras of g are recovered from D3 brane defects in the following way [7]:
Given a set of weights
WS = {ωi},
we want to construct a set Θ as the subset of all simple roots that have a vanishing inner
products with all the weights ωi. To achieve this, we have to choose a set in the Weyl group
orbit of WS for which |Θ| is maximal.3 Such a set of weights is called distinguished.
Furthermore, the nilradical nΘ = g/pΘ specifies the Coulomb branch of T
2d
ms→∞. It is given
by the direct sum of the root spaces associated to the positive roots eγ of g for which: The
3The Weyl group acts on all weights of WS simultaneously.
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positive roots eγ that satisfy
〈eγ, ωi〉 < 04 (2.13)
for at least one weight ωi ∈ WS . The inner product 〈·, ·〉 is the Killing form of g. The
dimension of the Coulomb branch of T 2dms→∞ can therefore be conveniently recovered from
this prescription. In the little string context, at finite ms, the dimension of the Coulomb
branch of T 2d is instead given by ∑
〈eγ ,ωi〉<0
|〈eγ, ωi〉| ,
where the sum runs over all positive roots eγ and all weights ωi ofWS satisfying 〈eγ, ωi〉 < 0.
Example 2.3. We will calculate the Coulomb branch dimension of the full puncture theory
of example 2.1, both for T 2d and T 2dms→∞.
The positive roots Φ+ of D4 are
(h1 + h2, h1 + h3, h2 + h3, h1 + h4, h1 − h4, h2 + h4,
h2 − h4, h1 − h3, h2 − h3, h3 + h4, h3 − h4, h1 − h2)
The negative inner products of each of these roots with the weights in WS are given in the
following table, where all positive inner products were replaced by 0:
〈Φ+, ω1〉 = ( 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
〈Φ+, ω2〉 = ( 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−1),
〈Φ+, ω3〉 = ( 0, 0, 0, 0, 0, 0, 0,−1,−1, 0, 0, 0),
〈Φ+, ω4〉 = (−1,−1,−1, 0,−1, 0,−1, 0, 0, 0,−1, 0),
〈Φ+, ω5〉 = (−1,−1,−1,−1, 0,−1, 0, 0, 0,−1, 0, 0).
Adding the absolute value of all these entries gives 15, the dimension of the Coulomb branch
of T 2d. Comparing this to the quiver in Figure 1, this is indeed correct.
Furthermore, we can see that all 12 positive roots have a negative inner product with at
least one of the weights. Thus, the Coulomb branch of T 2dms→∞ has (complex) dimension 12.
The set WS is distinguished, and one can see immediately that Θ = ∅. So the parabolic
subalgebra associated to this defect is all of D4.
The parabolic subalgebra pΘ also makes an appearance in the context of the AGT corre-
spondence [11]. This duality predicts that codimension-two defects of the g-type 6d (2, 0)
CFT on C should be classified from the point of view of a 2d conformal field theory on
C, called g-Toda conformal field theory. This CFT has an extended conformal symmetry,
called a W(g)-algebra symmetry. Defects of the 6d (2, 0) conformal field theory correspond
4equivalently, 〈eγ , ωi〉 > 0.
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to certain vertex operator insertions at points on C in the 2d Toda CFT.
In fact, the elements of the Cartan subalgebra h ⊂ g define the highest weight states |~β〉 of
the W(g)-algebra. In terms of the weights ωi of the algebra g, we write ~β =
∑|WS |
i=1 βi ωi.
Polarized defects then turn out to be characterized in Toda theory by level 1 null states
[12]. Explicitly, a highest weight state |~β〉 generating a degenerate representation of W(g)
satisfies
~β · ~αi = 0 ∀~αi ∈ Θ
for a subset of simple roots Θ. Then the parabolic subalgebra associated to ~β is just pΘ,
which defines a theory T 2dms→∞. In particular, note that a set of positive simple roots char-
acterizes a level 1 null state of Toda.
2.3. Unpolarized Defects. All the fundamental representations of An are minuscule, so
all An codimension-two defects are polarized. However, in the Dn and En cases, it can
also happen that some weight of WS fails to satistfy the conditions to produce a polarized
defect. Namely, two things can happen: First, WS can turn out to be the set containing
the zero weight only (possibly multiple times, as will occur first for g = E7, see Appendix
B). Second, WS can contain a nonzero weight ω in the representation generated by (minus)
a fundamental weight −wa without being in the Weyl orbit of −wa. Either way, additional
data is needed beyond simply specifying the set WS . Therefore, weights that make up an
unpolarized defect need to be given a subscript denoting (minus) the representation they
are taken in 5. In the CFT limit ms →∞, no parabolic subalgebra of g is singled out. Why
this is so will be explained in the next section.
5the ”minus” here is because every weight we consider is written as ω = −wa + . . .
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ω1ω1
ω1 : [0, 0, 0, 0] = −w2 + α1 + 2α2 + α3 + α4
Figure 2. The zero weight [0, 0, 0, 0] of the D4 algebra is the simplest ex-
ample of how one constructs an unpolarized defect of the little string; on the
left is pictured the type IIB brane engineering of the weight. NS5 branes are
vertical black lines, D5 branes are red crosses, and D3 branes are horizontal
red lines. The green dotted line produces a Z2-orbifold of an A7 theory, realiz-
ing the D4 theory. The resulting defect will be unpolarized because [0, 0, 0, 0]
belongs in the [0, 1, 0, 0] representation, but is not in the Weyl group orbit of
that weight.
ω1ω1
ω1ω1
ω1 : [−1, 0, 0, 0, 0] = −w1
ω1 : [−1, 0, 0, 0, 0]3 = −w3+α2+2α3+α4+α5
Figure 3. The weight [−1, 0, 0, 0, 0] of D5, with the corresponding type IIB
brane engineering on the left. [−1, 0, 0, 0, 0] can be written in two ways. First,
by placing a D5 brane between the two leftmost NS5 branes (top), the weight
is written appropriately to characterize a polarized defect. This is so because
[−1, 0, 0, 0, 0] not only belongs in the [1, 0, 0, 0, 0] representation, it is also in
the Weyl group orbit of that weight. By placing the D5 brane between a differ-
ent set of NS5 branes (bottom), we will obtain instead an unpolarized defect.
This is so because [−1, 0, 0, 0, 0] belongs in the [0, 0, 1, 0, 0] representation, but
is not in the Weyl group orbit of that weight. An additional subscript is added
to the weight in this case, denoting (minus) the representation it belongs in.
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Finally, let us note that the labeling of defects we presented also has implications in the
context of the triality worked out in [27, 28, 6]: the partition function of the (2, 0) g = ADE
little string on C with polarized brane defects is equal to a q-deformation of the g-Toda CFT
conformal block on C, with vertex operators determined by positions and the weights. For
unpolarized brane defects, the relation to q-deformed Toda fails, and other methods have
to be used to recover the duality [7].
Having reviewed the classification of little string defects and their CFT limit, we now pro-
ceed to show that their characterization, along with their organization into two classes,
polarized and unpolarized, is precisely the Bala–Carter labeling of nilpotent orbits that ap-
pears in mathematics [10].
3. Bala–Carter Classification
Defects of the 6d (2, 0) g-type CFT have been studied in the literature [4] in terms of
nilpotent orbits of the algebra: an elementX ∈ g is called nilpotent if the matrix representing
X is nilpotent.6 If X is nilpotent, every element in the G-adjoint orbit OX is nilpotent – this
is called a nilpotent orbit. Nilpotent orbits are directly related to the parabolic subalgebras
we have been considering. Indeed, given a parabolic subalgebra with Levi decomposition p =
l⊕n, the nilpotent orbit Ol associated to p is the maximal orbit containing a representative
X ∈ Ol for which X ∈ n.
Many of the interesting properties of nilpotent orbits are related to the existence of a duality
map: The Spaltenstein map [29] sends the set of nilpotent orbits of a simply-laced Lie algebra
g to itself, and reorganizes them.
For g = An, nilpotent orbits are in one-to-one correspondence with integer partitions of
n + 1 (or Young diagrams); for g = Dn, they can also be labeled by Young diagrams with
2n boxes that satisfy certain conditions (cf. the textbook [30] for more details.) However
no such classification in terms of Young diagrams exists for the En algebras.
It proves fruitful instead to ignore Young diagrams altogether and resort to the classification
of Bala and Carter [10], which is valid for any semi-simple Lie algebra. We will see next
that this is the natural language to describe the D3 brane defects in the low energy limit.
3.1. Bala–Carter Labeling of Nilpotent Orbits. Since there are only finitely many
orbits in g, we want to find a convenient way of classifying them. One such classification
scheme uses Levi subalgebras of g:
Recall that a Levi subalgebra l of g is a subalgebra of g that can be written as:
6We assume that a fixed faithful representation is chosen for g.
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l = h⊕
⊕
α∈〈Θ〉
gα,
where h is a Cartan subalgebra of g, Θ is an arbitrary subset of the simple roots of g, and
gα is the root space associated to a root in the additive closure of Θ.
Then, the idea of the Bala–Carter [10] classification of nilpotent orbits is to label an orbit O
by the smallest Levi subalgebra that contains a representative of O. This is always unique
if g = An, but for other algebras, two different nilpotent orbits can be associated to the
same minimal Levi subalgebra.
In general, the following result holds: A nilpotent orbit O is uniquely specified by a Levi
subalgebra l ⊂ g and a certain (distinguished) parabolic subalgebra of [l, l]. These two
algebras give the Bala–Carter label of O. A parabolic subalgebra p = l′⊕ u, with nilradical
u and Levi part l′ is distinguished if dim l′ = dim (u/[u, u]). One such distinguished parabolic
subalgebra is the Borel subalgebra of l. The nilpotent orbit associated to it is called the
principal nilpotent orbit of l.
Whenever the minimal Levi subalgebra associated to O only contains one distinguished
parabolic subalgebra (so when l uniquely specifies O) we call the orbit O polarized. For
simplicity of notation, the Bala–Carter label for such an orbit is just l. For an unpolarized
orbit, it is given by l and an additional label 7.
Example 3.1. For g = A3, consider the orbit of the element
X =

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0
 .
The algebra sl4 has five different (conjugacy classes of) Levi subalgebras, corresponding
to the five integer partitions of 4. X itself obviously is an element of the Levi subalgebra
l{α1,α3} :
l{α1,α3} =

∗ ∗ 0 0
∗ ∗ 0 0
0 0 ∗ ∗
0 0 ∗ ∗
 .
This algebra contains
l{α1} =

∗ ∗ 0 0
∗ ∗ 0 0
0 0 ∗ 0
0 0 0 ∗
 .
7The additional label specifies the number of simple roots that live in a Levi subalgebra of p.
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Since every element in any conjugacy class of l{α1} has at most one non-trivial Jordan block,
X can never be contained in any of them; thus, the orbit of X is associated to l{α1,α3} and
has the Bala–Carter label 2A1.
3.2. Physical Origin of Bala–Carter Labels. The relation to the little string defect
classification of section 2 is immediate: since polarized defects of the little string distinguish
the parabolic subalgebra pΘ of g in the CFT limit, we simply identify the set of simple
roots Θ with the Bala–Carter label of the defect. Namely, the union of all the elements
of Θ forms a subquiver of g, which denotes the Bala–Carter label for the defect. The
corresponding nilpotent orbit is the principal nilpotent orbit of lΘ, defined in the previous
section. Equivalently, the Bala–Carter label is given by the union of the simple roots αi in
the Toda level 1 null state condition:
~β · ~αi = 0 ∀~αi ∈ Θ,
for some highest weight state |~β〉 of the W(g)-algebra. See figure 4 below.
If the polarized theory T 2d is described by the Bala–Carter label denoting a nilpotent orbit
O, its Coulomb branch is a resolution of the Spaltenstein dual of O.
g Bala–Carter Classification and Polarized Little String Defects
A3 Θ = {α2, α3} ω1 : [ 1, 0, 0]ω2 : [−1, 0, 0]
1 1 1
1 1
Bala–Carter label: A2
D4 Θ = {α2, α3, α4} ω1 : [ 1, 0, 0, 0]ω2 : [−1, 0, 0, 0] 2 2
1
1
2
Bala–Carter label: A3
E6 Θ = {α2, α3, α4, α6}
ω1 : [ 0, 0, 0, 0,−1, 0]
ω2 : [−1, 0, 0, 0, 1, 0]
ω3 : [ 1, 0, 0, 0, 0, 0] 2 4 6 5 4
3 3
Bala–Carter label: D4
Figure 4. From a distinguished set of weightsWS defining a polarized little
string defect theory T 2d, one can extract a quiver gauge theory, shown on the
right, and a parabolic subalgebra pΘ in the ms →∞ limit, shown on the left.
The set Θ defines a Bala–Carter label, also shown in red as a subquiver of g
on the right. Note ~β · ~αi = 0 for all ~αi ∈ Θ, which defines a null state at level
1 in g-Toda.
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g Bala–Carter Classification and Unpolarized Little String defects
D4 No parabolic
subalgebra!
ω1 : [ 0, 0, 0, 0]2 1 2
1
1
1
Bala–Carter label: D4(a2)
E6 No parabolic
subalgebra!
ω1 : [0, 0, 0, 0,−1, 0]2
ω2 : [0, 0, 0, 0, 1, 0]1
3 5 6 4 2
31 1
Bala–Carter label: D5(a3)
Figure 5. From a distinguished set of weights WS defining an unpolarized
little string defect theory T 2d, one can extract a quiver gauge theory, shown
on the right, but no parabolic subalgebra pΘ in the ms →∞ limit, as shown
on the left. We added a subscript denoting which representation the weights
ωi belong in to fully specify the Bala–Carter label. The additional simple root
data of the Bala–Carter label is written as ai, where i is a number of simple
roots.
Concerning unpolarized defects of the little string, recall that they are characterized as
follows: either WS is the set containing the zero weight ω = [0, 0, . . . , 0] only (possibly
multiple times), or WS contains a nonzero weight ω in the representation generated by
(minus) a fundamental weight −wa without being in the Weyl orbit of −wa.
Either way, additional data is needed to characterize such defects: in the end, it is sufficient
to specify the representation ω belongs in. This prescription is in one-to-one correspondence
with specifying a set of additional simple roots next to the Bala–Carter label of a non-
principal nilpotent orbit, as we explained in section 3.1. To our knowledge, this extra
simple root label unfortunately does not have a nice geometric interpretation for the defect.
See figure 5 for examples.
At any rate, note that an unpolarized defect will still satisfy the relation
~β · ~αi = 0 ∀~αi ∈ Θ,
for some subset of positive simple roots Θ, with ~β =
∑|WS |
i=1 βi ωi. This is the same level
1 null state condition of g-type Toda satisfied by polarized defects. There is however one
crucial difference: the above constraint is no longer sufficient to characterize the defect, and
one should specify the representation each ωi belongs in.
Example 3.2. In the case of the single zero weight ω = [0, 0, . . . , 0], we get ~β = 0 and the
null state condition is of course trivially satisfied; however, one should also specify which
representation the weight ω is taken in, since for a given algebra g, ω belongs in general to
many representations. This corresponds to specifying additional simple roots next to the
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Bala–Carter label g. Note the Bala–Carter label g without any extra simple roots specified
denotes the trivial nilpotent orbit, that is to say the absence of a defect.
In this way, one derives the full Bala–Carter classification of nilpotent orbits simply from
a distinguished set WS of weights defining a little string defect. It would be interesting
to extend the analysis to the non-simply laced semi-simple Lie algebras, for which a Bala–
Carter classification is also available. We leave the study of these defects to future work.
4. Weighted Dynkin Diagrams
There is yet another way to classify nilpotent orbits of g, known as the so-called weighted
Dynkin diagrams. We now show how to derive them.
4.1. Mathematical construction. Weighted Dynkin diagrams are vectors of integers
ri ∈ {0, 1, 2}, where i = 1, . . . , rkg; thus, we get one number for each node in the Dynkin
diagram of g. We can associate such a vector to each nilpotent orbit of g, and each nilpotent
orbit has a unique weighted Dynkin diagram. Note, however, that not all such labellings of
the Dynkin diagram also have a nilpotent orbit corresponding to it.
To construct such a weighted Dynkin diagram, we use the following theorem by Jacobson
and Morozov [31].
Remember that sl2 is the algebra generated by X, Y and H with the relations
[H,X] = 2X, [H,Y ] = −2Y, [X, Y ] = H. (4.14)
Every nilpotent orbit in g arises as the orbit of the image of X in an embedding ρ : sl2 → g.
In other words, for any embedding ρ : sl2 → g, the element ρ(X) always is a nilpotent
element of g. The Jacobson–Morozov theorem tells us that any nilpotent orbit uniquely
arises (up to conjugation) as the orbit of such an element.
This means in particular that any nilpotent orbit also determines an element ρ(H), which is
semi-simple (we assume it to be diagonal). For simplicity, we’ll just write ρ(H) as H. The
(diagonal) entries of H are always integers, and allow us to read off the weighted Dynkin
diagram; the entry of the i-th node is defined to be ri = αi(H), where αi is the i-th simple
root of g. It turns out that these numbers are always 0, 1 or 2.
Example 4.1. We illustrate the above construction for the nilpotent orbit of
X =

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

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in sl4. One first constructs H; we won’t do this explicitly here (see [30] for details), but the
result is
H =

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1
 .
The next step is to reorder the elements in the diagonal of H in a monotonically decreasing
order. The quadruple we get is (h1, h2, h3, h4) = (1, 1,−1,−1).
The nodes of the Dynkin diagram are labelled by the consecutive differences of these num-
bers, so ri = hi−hi+1. This gives us (r1, r2, r3) = (0, 2, 0). So the weighted Dynkin diagram
in this example looks as follows:
0 2 0
One can generalize the above construction to all semi-simple Lie algebras, with minor mod-
ifications.
4.2. From Weighted Dynkin Diagrams to Little String Defects. We make the fol-
lowing observations:
All weighted Dynkin diagrams can be interpreted as physical quiver theories: the label on
each node of the weighted Dynkin diagram should be understood as the rank of a flavor
symmetry group in a quiver. The quivers one reads in this way are always superconformal
(in a 4d sense), and the flavor symmetry on each node is either nothing, a U(1) group, or
a U(2) group. For instance, the full puncture, or maximal nilpotent orbit, denoted by the
weighted Dynkin diagram (2, 2, . . . , 2, 2), can be understood as a quiver gauge theory with
a U(2) flavor attached to each node, for all semi-simple Lie algebras (see also [32]). Pushing
this idea further, we find, surprisingly, that these quivers are little string defect theories
T 2d, at finite ms.
In the case of g = An, this correspondence between weighted Dynkin diagrams and defect
theories T 2d can be made explicit. Indeed, all An weighted Dynkin diagrams are invariant
under the Z2 outer automorphism action of the algebra; in other words, the quivers are all
symmetric. For low dimensional defects, these quivers are precisely the little string quivers
T 2d studied in this note. For instance, consider the simple puncture of An, generated by
the set of weights WS = {[1, 0, . . . , 0] , [−1, 0, . . . , 0]}, with Bala-Carter label An−1; the
weighted Dynkin diagram with this Bala-Carter label can be shown to be (1, 0, . . . , 0, 1), in
standard notation. This is precisely the little string quiver T 2d for the simple puncture! It
has a U(1) flavor symmetry on the first node, and a U(1) flavor symmetry on the last node,
as it should. See figure 6.
Many of the little string quivers T 2d of An, however, are not weighted Dynkin diagrams.
They are the quivers not invariant under Z2 reflection. We claim that such theories T 2d can
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1 1 1 1
1 1
(1, 0, 0, 1)1 1 1 1
1 1
1 2 2 1
1 1
(0, 1, 1, 0)1 2 2 1
1 1
2 2 2 1
2 1
(2, 0, 0, 2)
H. W.
2 2 2 2
2 2
2 3 2 1
1 2
H. W.
(1, 1, 1, 1)2 3 3 2
1 1 1 1
3 3 2 1
3 1
H. W.
(2, 1, 1, 2)3 4 4 3
2 1 1 2
4 3 2 1
5
H. W.
(2, 2, 2, 2)4 6 6 4
2 2 2 2
Figure 6. Either directly, or after flowing on the Higgs branch by Hanany-
Witten transition to symmetrize the theories T 2d, the little string quivers
(left) are precisely the weighted Dynkin diagrams of g (right); the integers
0, 1, 2 then get an interpretation as flavor symmetry ranks. Shown above is
the case g = A4.
however uniquely be turned into the correct weighted Dynkin diagrams, by moving on the
Higgs branch of the theories.
Such a flow on the Higgs branch translates to a weight addition procedure in the algebra:
this uses the fact that a weight in a fundamental representation can always be written as
the sum of new weights in possibly different fundamental representations. Each of them
should be in the orbit of some fundamental weight (possibly different orbits), while obeying
the rule that no subset adds up to zero. In the context of brane engineering, this weight
addition procedure agrees with what is referred to as Hanany–Witten transitions [33]. See
[7] for details, and figure 7 below for an example.
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ω2
ω1
ω′′2
ω′2
ω1
1 2 1
2
H. W.
ω1 : [ 0, 1, 0] = −w2 + α1 + 2α2 + α3
ω2 : [ 0,−1, 0] = −w2
ω1 : [ 0, 1, 0] = −w2 + α1 + 2α2 + α3
ω′2 : [−1, 0, 0] = −w1
ω′′2 : [ 1,−1, 0] = −w1 + α1+
2 2 1
2 1
Figure 7. Writing a weight in a fundamental representation of g as a sum
of several weights in (possibly different) fundamental representations corre-
sponds to flowing on the Higgs branch of T 2d. In the context of brane en-
gineering, when g = An, this is the familiar Hanany–Witten transition [33].
In this example, we rewrite [0,−1, 0] as the sum [−1, 0, 0] + [1,−1, 0]. As a
result, the extra Coulomb parameter α1 on the right is frozen to the value of
the mass parameters denoted by ω′2 (and ω
′′
2).
[−1, 0, 0, 0]
[ 1,−1, 0, 0]
[ 0, 1,−1, 0]
[ 0, 0, 1,−1]
[ 0, 0, 0, 1]
H. W.
[0, 0, 1,−1]
[0, 0, 0, 1]
[−1, 1, 0, 0] + [0,−1, 0, 0]
[1, 0, 0, 0] + [0,−1, 0, 0]
[0, 1, 0, 0] + [0, 0,−1, 0]
4 3 2 1
5
H. W.
(2, 2, 2, 2)4 6 6 4
2 2 2 2
Figure 8. An example of how one symmetrizes a little string quiver of An
using Hanany-Witten transitions, to end up with a weighted Dynkin diagram.
The Coulomb parameters in red are frozen, and therefore do not increase the
Coulomb branch dimension. In this example, no matter what the details of
the transition are, the resulting symmetric quiver is always (2,2,2,2), the full
puncture. Note some of the masses are equal to each other in the resulting
quiver, as they should after Higgs flow.
Then, it turns out that all An little string quivers that are not symmetric under Z2 reflection
can be uniquely written after Higgs flow as weighted Dynkin diagrams with correct Bala–
Carter label. For instance, one can show that the full puncture of An, with Bala–Carter
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label ∅, can be symmetrized uniquely to give the weighted Dynkin diagram (2, 2, . . . , 2, 2).
See figure 8.
This map between little string quivers and weighted Dynkin diagrams is one-to-one for
g = An, but many-to-one for the other algebras, as a large number of different little string
quivers typically describe one and the same defect in those cases. Nevertheless, the map
always exists.
We now come to another result about weighted Dynkin diagrams, motivated by their ap-
parent connection to little string defects we have pointed out: the dimension of a nilpotent
orbit can be easily computed from its weighted Dynkin diagram.
4.3. Dimension Formula. Recall that the “flavor symmetry rank” of a weighted Dynkin
diagram never exceeds 2 (as the flavor symmetry is always a product of U(1) and U(2)
groups only). This is a claim about the hypermultiplets of the quiver theory. There exists
a “vector multiplet” counterpart to this statement, which is given by the following mathe-
matical statement:
We interpret the weighted Dynkin diagram of a nilpotent orbit O as a weight ω, written
down in the Dynkin basis. We then compute the sum of the inner products of all the positive
roots of g with this weight. This gives a vector of non-negative integers. Truncating the
entries of this vector at 2 and taking the sum of the entries gives the (real) dimension of O.
This result can be derived from the following dimension formula for nilpotent orbits8 (cf.
for instance [30]):
dimO = dim g− dim g0 − dim g1, (4.15)
where
gi = {Z ∈ g|[H,Z] = i · Z}, (4.16)
and where H is the semisimple element in the sl2 triple corresponding to O.
Note that whenever Z ∈ gβ for a root β, [H,Z] = β(H)Z. So
gi =
⊕
β∈Φ,
β(H)=i
gβ.
On the other hand, if g is simply laced, then the inner product of the weighted Dynkin
diagram weight ω with a root β is just〈
n∑
i=1
αi(H)ωi, β
〉
=
n∑
i=1
αi(H)〈ωi, β〉 = β(H),
8We thank Axel Kleinschmidt for pointing out this proof to us.
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where αi and ωi are the simple roots and fundamental weights of g, respectively.
Thus, if g is simply laced, the above inner products just give us the grading 4.16.
The prescription we give is therefore equivalent to the dimension formula 4.15; namely,
dim(g1) + 2
∑
i≥2
dim(gi) = dim(g1) +
∑
i≥2
dim(gi) +
∑
i≤−2
dim(gi)
= dim(g1) + dim(g)−
∑
−1≤i≤1
dim(gi)
= dim(g1) + dim(g)− 2 dim(g1)− dim(g0)
= dim(g)− dim(g0)− dim(g1).
(4.17)
Example 4.2. Let us take the example of the weighted Dynkin diagram (2,1,1,2) in the
algebra g = A4. We write ω = [2, 1, 1, 2] as a weight in Dynkin basis.
The positive roots Φ+ of A4 are
(h1 − h5, h2 − h5, h1 − h4, h2 − h4, h3 − h5, h1 − h3, h2 − h3, h3 − h4, h4 − h5, h1 − h2)
Calculating the inner product of all of these positive roots with ω gives the numbers
〈Φ+, ω〉 = (6, 4, 4, 2, 3, 3, 1, 1, 2, 2).
Truncating at multiplicity 2, the sum of the inner products is 2× 8 + 1× 2 = 18, which is
indeed the dimension of the nilpotent orbit denoted by the diagram (2, 1, 1, 2).
Note that the theories T 2d we have been studying can be interpreted as 3d N = 4 theories.
It is then interesting to compare this formula to the dimension of the Coulomb branch of
a 3d N = 4 quiver theory [34], which is given by a slice in the affine Grassmannian [35].
In that setup, the dimension can be calculated by the exact same procedure, coming from
a monopole formula [36], but without truncating the inner products at the value 2. For
conformal theories, this is simply the sum of the ranks of the gauge groups.
Lastly, we want to emphasize that the above formula we gave does not compute the Coulomb
branch dimension of the defect theory T 2dms→∞ denoted by the weighted Dynkin diagram.
Instead, the Coulomb branch dimension is given by the dimension of the diagram’s image
under the Spaltenstein map. Note that not all nilpotent orbits are in the image of the
Spaltenstein map, so in many cases, it is unclear what the physical interpretation of the
dimension formula should be.
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Appendix A. En little string defects
As an application of the Bala–Carter classification, we now present a table of the defects of the En little string. Unpolarized
defects are shaded in yellow. For each defect type, we give a set WS of weights, along with the low energy 2d quiver gauge
theory T 2d on the D3 branes that results from it. The Bala–Carter label that designates the nilpotent orbit in the CFT limit
ms →∞ is written in the left column. Each setWS is a distinguished set, in the sense of section 2; in particular, the weights
ωi of WS satisfy
~β · ~αi = 0 ∀~αi ∈ Θ,
with ~β =
∑|WS |
i=1 βi ωi. This constraint has an interpretation as a level 1 null state condition of g-Toda. For unpolarized
defects, a subscript is added to the weights, specifying the representation they are taken in. This corresponds to giving the
additional simple root label ai in the Bala–Carter picture. For polarized defects, no subscript is needed for the weights.
The dual orbit is the orbit describing the Coulomb branch of T 2dms→∞; for polarized defects, this is given by the Spaltenstein
dual of the Bala–Carter label. For unpolarized defects, these dual orbits had to be conjectured based on other approaches,
such as dimension counting. The dimension of this dual orbit describing the Coulomb branch is given by d.
Note the quivers are either literally the weighted Dynkin diagrams as given in the literature, or are quivers that can be made
to be weighted Dynkin diagrams after Higgs flow.
Table 2. Results for E6
Orbit Θ Weights Quiver Dual orbit d
0 ∅
[ 0, 0, 0, 0, 0,−1]
[−1, 0, 0, 0,−1, 1]
[ 1, 0, 0,−1, 0, 1]
[ 0,−1, 0, 0, 1, 1]
[ 0, 1,−1, 1, 0, 0]
[ 0, 0, 1, 0, 0,−1]
[ 0, 0, 0, 0, 0,−1]
7 14 21 14 7
14
7
E6 72
2
4
Table 2. Results for E6
Orbit Θ Weights Quiver Dual orbit d
A1 {α1}
[ 0, 0, 0, 0,−1, 0]
[ 0, 0, 0,−1, 1, 0]
[ 0, 1, 0,−1, 0, 0]
[ 0, 0, 0, 1, 0,−1]
[ 0, 0,−1, 1, 0, 1]
[ 0,−1, 1, 0, 0, 0]
4 8 12 10 8
6 6
E6(a1) 70
2A1 {α1, α3}
[ 0, 0, 0, 1,−1,−1]
[ 0, 0, 0, 0, 1,−1]
[ 0,−1, 0, 0, 0, 1]
[ 0, 1, 0,−1, 0, 0]
[ 0, 0, 0, 0, 0, 1]
5 8 11 8 5
62 2
1
D5 68
3A1 {α1, α3, α5}
[ 0,−1, 0, 0, 0, 0]
[ 0, 2, 0,−1, 0,−2]
[ 0,−1, 0, 1, 0, 1]
[ 0, 0, 0, 0, 0, 1]
6 12 17 12 6
91
1
1
1
E6(a3) 66
A2 {α1, α2}
[ 0, 0, 1,−1, 0,−1]
[ 0, 0, 0, 0,−1, 0]
[ 0, 0, 0,−1, 2, 0]
[ 0, 0,−1, 2,−1, 0]
[ 0, 0, 0, 0, 0, 1]
5 9 13 9 5
81 1
3
E6(a3) 66
2
5
Table 2. Results for E6
Orbit Θ Weights Quiver Dual orbit d
A2 + A1 {α1, α2, α4}
[ 0, 0, 0, 0, 1,−1]
[ 0, 0, 0, 0,−1, 0]
[ 0, 0,−1, 0, 0, 2]
[ 0, 0, 1, 0, 0,−1]
4 7 10 7 4
61 1
2
D5(a1) 64
2A2 {α1, α2, α4, α5}
[ 0, 0, 0, 0, 0,−1]
[ 0, 0,−1, 0, 0, 2]
[ 0, 0, 1, 0, 0,−1]
3 6 9 6 3
6
3
D4 60
A2 + 2A1 {α1, α2, α4, α6}
[ 0, 0, 0, 0, 1, 0]
[ 0, 0,−1, 0, 1, 0]
[ 0, 0, 1, 0,−2, 0]
4 7 10 8 4
51 2
A4 + A1 62
A3 {α1, α2, α3}
[ 0, 0, 0, 0,−1, 0]
[ 0, 0, 0,−1, 1, 0]
[ 0, 0, 0, 1, 0,−1]
[ 0, 0, 0, 0, 0, 1]
3 6 9 7 5
5 3
1
A4 60
2A2 + A1 {α1, α2, α4, α5, α6}
[ 0, 0,−1, 0, 0, 0]
[ 0, 0, 1, 0, 0, 0]
4 8 12 8 4
6
2
D4(a1) 58
2
6
Table 2. Results for E6
Orbit Θ Weights Quiver Dual orbit d
A3 + A1 {α1, α2, α3, α5}
[ 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 1, 0,−1]
[ 0, 0, 0, 0, 0, 1]
3 6 9 7 4
5 1 1
1
D4(a1) 58
D4(a1) {α2, α3, α4, α6}
[ 0, 0, 0, 0, 1, 0]1
[−1, 0, 0, 0,−1, 0]3
[ 1, 0, 0, 0, 0, 0]5
4 7 10 7 4
51
1
1
2A2 + A1 54
A4 {α1, α2, α3, α4}
[ 0, 0, 0, 0, 2,−1]
[ 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0,−1, 1]
3 6 8 6 4
41 2
A3 52
D4 {α2, α3, α4, α6}
[ 0, 0, 0, 0,−1, 0]
[−1, 0, 0, 0, 1, 0]
[ 1, 0, 0, 0, 0, 0]
2 4 6 5 4
3 3
2A2 48
A4 + A1 {α1, α2, α3, α5, α6}
[ 0, 0, 0, 1, 0, 0]
[ 0, 0, 0,−1, 0, 0]
3 6 8 6 3
41 1
A2 + 2A1 50
A5 {α1, α2, α3, α4, α5}
[ 0, 0, 0, 0, 0,−1]
[ 0, 0, 0, 0, 0, 1]
2 4 6 4 2
4
2
A2 42
2
7
Table 2. Results for E6
Orbit Θ Weights Quiver Dual orbit d
D5(a1) {α1, α2, α3, α4, α6}
[ 0, 0, 0, 0, 1, 0]1
[ 0, 0, 0, 0,−1, 0]2
3 5 6 4 2
31 1
A2 + A1 46
E6(a3) {α1, α2, α3, α4, α5, α6} [ 0, 0, 0, 0, 0, 0]3
2 4 6 4 2
3
1
3A1 40
D5 {α1, α2, α3, α4, α6}
[ 0, 0, 0, 0, 1, 0]
[ 0, 0, 0, 0,−1, 0]
2 3 4 3 2
21 1
2A1 32
E6(a1) {α1, α2, α3, α4, α5, α6} [ 0, 0, 0, 0, 0, 0]7 1 2 3 2 1
2
1
A1 22
2
8
Table 3. Results for E7
Orbit Θ Weights Quiver Dual orbit d
0 ∅
[−1, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0,−1, 0, 1, 0]
[ 0,−1, 1, 0, 0,−1, 0]
[−1, 1, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 1, 0]
[ 0, 0,−1, 1, 0, 0, 1]
[ 1, 0,−1, 1,−1, 0, 0]
[ 0, 0, 1,−1, 1, 0,−1]
13 22 31 24 17 10
164 3
1
E7 126
A1 {α5}
[−1, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0,−1, 0, 1, 0]
[ 0,−1, 1, 0, 0,−1, 0]
[−1, 1, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 1, 0]
[ 0, 0,−1, 1, 0, 0, 1]
[ 1, 0, 0, 0, 0, 0,−1]
10 17 24 19 14 9
123 4
E7(a1) 124
2A1 {α5, α7}
[−1, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0,−1, 0, 1, 0]
[ 0,−1, 1, 0, 0,−1, 0]
[−1, 1, 0, 0, 0,−1, 0]
[ 1, 0,−1, 1, 0, 0, 0]
[ 0, 0, 0, 0, 0, 1, 0]
8 14 20 16 12 8
102 4
E7(a2) 122
3A1b {α4, α6, α7}
[ 0, 0, 0, 0,−1, 0, 0]
[ 0, 0,−1, 0, 1, 0, 0]
[−2, 0, 1, 0, 0, 0, 0]
[ 2,−2, 1, 0, 0, 0, 0]
[ 0, 2,−1, 0, 0, 0, 0]
10 20 30 25 20 10
15 5
E6 120
3A1a {α1, α4, α7}
[ 0, 0, 0, 0,−1, 0, 0]
[ 0, 0,−1, 0, 1, 0, 0]
[ 0,−1, 1, 0, 1,−2, 0]
[ 0,−1, 1, 0,−1, 2, 0]
[ 0, 2,−1, 0, 0, 0, 0]
10 20 30 25 20 10
15 5
E7(a3) 120
2
9
Table 3. Results for E7
Orbit Θ Weights Quiver Dual orbit d
A2 {α1, α2}
[ 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0,−1, 1, 0]
[ 0, 0, 0, 0, 1, 0,−1]
[ 0, 0,−1, 0, 1, 0, 1]
[ 0, 0, 1,−1, 0, 0, 0]
[ 0, 0, 0, 1,−1, 0, 0]
6 12 18 15 12 9
9 6
E7(a3) 120
4A1 {α2, α4, α6, α7}
[ 0, 0,−1, 0, 0, 0, 0]
[ 0, 0, 1, 0,−3, 0, 0]
[ 2, 0,−1, 0, 2, 0, 0]
[−2, 0, 1, 0, 1, 0, 0]
16 32 48 36 24 12
24
4
E6(a1) 118
A2 + A1 {α1, α2, α7}
[ 0, 0, 1,−1, 0,−1, 0]
[ 0, 0,−1, 0, 0, 0, 0]
[ 0, 0,−1, 2,−2, 2, 0]
[ 0, 0, 1,−1, 1,−1, 0]
[ 0, 0, 0, 0, 1, 0, 0]
12 23 34 27 20 10
171
1
3
E6(a1) 118
A2 + 2A1 {α1, α2, α4, α7}
[ 0, 0, 0, 0, 1,−2, 0]
[ 0, 0,−1, 0, 0, 1, 0]
[ 0, 0, 0, 0, 1, 0, 0]
[ 0, 0, 1, 0,−2, 1, 0]
9 17 25 20 14 7
131 1 1
1
E7(a4) 116
A3 {α1, α2, α3}
[ 0, 0, 0, 1,−1, 0,−1]
[ 0, 0, 0,−1, 1, 0, 0]
[ 0, 0, 0, 0,−1, 0, 1]
[ 0, 0, 0, 0, 1,−1, 0]
[ 0, 0, 0, 0, 0, 1, 0]
6 11 16 13 10 7
81 4
D6(a1) 114
3
0
Table 3. Results for E7
Orbit Θ Weights Quiver Dual orbit d
2A2 {α1, α2, α5, α6}
[ 0, 0,−1, 1, 0, 0, 0]
[ 0, 0, 0, 0, 0, 0,−1]
[ 0, 0, 0,−1, 0, 0, 2]
[ 0, 0, 1, 0, 0, 0,−1]
7 14 21 16 11 6
12 1
3
D5 + A1 114
A2 + 3A1 {α1, α2, α4, α6, α7}
[ 0, 0, 0, 0,−1, 0, 0]
[ 0, 0,−1, 0, 2, 0, 0]
[ 0, 0, 1, 0,−1, 0, 0]
6 12 18 15 12 6
9 3
A6 114
A3b+ A1b {α3, α4, α6, α7}
[−1, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0, 0,−1, 0, 0]
[ 1,−1, 0, 0, 1, 0, 0]
[−1, 1, 0, 0, 0, 0, 0]
8 12 16 12 8 4
84
D5 112
2A2 + A1 {α1, α2, α4, α5, α7}
[ 0, 0,−1, 0, 0, 0, 0]
[ 0, 0, 1, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 1, 0]
8 16 24 19 13 7
12
1
1 1
E7(a5) 112
A3a+ A1a {α1, α3, α4, α7}
[ 0,−1, 0, 0, 1, 0, 0]
[ 0, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 0, 1,−1, 0]
[ 0, 1, 0, 0,−1, 1, 0]
7 13 19 15 11 6
101 1 1
1
E7(a5) 112
3
1
Table 3. Results for E7
Orbit Θ Weights Quiver Dual orbit d
D4(a1) {α2, α3, α4, α7}
[ 1, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0,−1, 0, 0]3
[ 0, 0, 0, 0, 0, 1, 0]6
[ 0, 0, 0, 0, 1,−1, 0]6
8 15 22 17 12 7
111
1
2
D6(a2) 110
A3 + 2A1 {α1, α4, α5, α6, α7}
[ 0, 1,−1, 0, 0, 0, 0]
[ 0,−1, 0, 0, 0, 0, 0]
[ 0, 0, 1, 0, 0, 0, 0]
9 17 24 18 12 6
121 1
1
E6(a3) 110
D4 {α2, α3, α4, α7}
[ 0, 0, 0, 0, 0,−1, 0]
[−1, 0, 0, 0, 0, 1, 0]
[ 1, 0, 0, 0,−1, 1, 0]
[ 0, 0, 0, 0, 1,−1, 0]
4 8 12 10 8 6
6 4
A5b 102
D4(a1) + A1 {α2, α3, α4, α6, α7}
[ 1, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0,−1, 0, 0]3
[ 0, 0, 0, 0, 1, 0, 0]5
8 15 22 17 12 6
111
1
1
A5a 108
A3 + A2 {α1, α2, α3, α5, α6}
[ 0, 0, 0,−1, 0, 0, 1]
[ 0, 0, 0, 1, 0, 0,−2]
[ 0, 0, 0, 0, 0, 0, 1]
6 11 16 12 8 4
91
2
D5(a1) + A1 108
3
2
Table 3. Results for E7
Orbit Θ Weights Quiver Dual orbit d
A4 {α1, α2, α3, α4}
[ 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0,−1, 1, 0]
[ 0, 0, 0, 0, 1, 0,−1]
[ 0, 0, 0, 0, 0, 0, 1]
5 10 15 12 9 6
8 3
1
D5(a1) 106
A3 + A2 + A1 {α1, α2, α4, α5, α6, α7}
[ 0, 0,−1, 0, 0, 0, 0]
[ 0, 0, 1, 0, 0, 0, 0]
8 16 24 18 12 6
12
2
A4 + A2 106
A5b {α3, α4, α5, α6, α7}
[−1, 0, 0, 0, 0, 0, 0]
[ 2,−1, 0, 0, 0, 0, 0]
[−1, 1, 0, 0, 0, 0, 0]
6 9 12 9 6 3
63
D4 96
D4 + A1 {α2, α3, α4, α6, α7}
[−1, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 0, 1, 0, 0]
6 10 14 11 8 4
72 1
A4 100
A4 + A1 {α1, α2, α3, α4, α6}
[ 0, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 0, 1, 0,−1]
[ 0, 0, 0, 0, 0, 0, 1]
5 10 15 12 9 5
8 1 1
1
A4 + A1 104
D5(a1) {α2, α3, α4, α5, α7}
[ 1, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0, 0,−1, 0]4
[ 0, 0, 0, 0, 0, 1, 0]6
6 11 16 13 9 5
81 1 1
A4 100
3
3
Table 3. Results for E7
Orbit Θ Weights Quiver Dual orbit d
A4 + A2 {α1, α2, α3, α5, α6, α7}
[ 0, 0, 0,−1, 0, 0, 0]
[ 0, 0, 0, 1, 0, 0, 0]
6 12 18 15 10 5
9 2
A3 + A2 + A1 100
A5a {α1, α2, α3, α4, α5}
[ 0, 0, 0, 0, 0, 1,−1]
[ 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 0, 1]
5 9 13 10 7 4
71 1
1
D4(a1) + A1 96
A5 + A1 {α1, α3, α4, α5, α6, α7}
[ 0,−1, 0, 0, 0, 0, 0]
[ 0, 1, 0, 0, 0, 0, 0]
6 12 16 12 8 4
82
D4(a1) 94
D5(a1) + A1 {α1, α2, α3, α4, α6, α7}
[ 0, 0, 0, 0,−1, 0, 0]3
[ 0, 0, 0, 0, 1, 0, 0]5
5 10 14 11 8 4
71 1
A3 + A2 98
D6(a2) {α2, α3, α4, α5, α6, α7}
[ 1, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0, 0, 0, 0]3
6 11 16 12 8 4
81
1
A3a+ A1a 92
E6(a3) {α1, α2, α3, α4, α5, α7}
[ 0, 0, 0, 0, 0,−1, 0]4
[ 0, 0, 0, 0, 0, 1, 0]6
4 8 12 10 7 4
6 1 1
A3 + 2A1 94
3
4
Table 3. Results for E7
Orbit Θ Weights Quiver Dual orbit d
D5 {α1, α2, α3, α4, α7}
[ 0, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 0, 1,−1, 0]
[ 0, 0, 0, 0, 0, 1, 0]
4 8 12 10 8 5
6 1 2
A3b+ A1b 86
E7(a5) {α1, α2, α3, α4, α5, α6, α7}
[ 0, 0, 0, 0, 0, 0, 0]2
[ 0, 0, 0, 0, 0, 0, 0]5
5 10 14 11 8 4
71 1
2A2 + A1 90
A6 {α1, α2, α3, α4, α5, α6}
[ 0, 0, 0, 0, 0, 0,−1]
[ 0, 0, 0, 0, 0, 0, 1]
4 8 12 9 6 3
7
2
A2 + 3A1 84
D5 + A1 {α1, α2, α3, α4, α6, α7}
[ 0, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 0, 1, 0, 0]
4 8 12 10 8 4
6 2
2A2 84
D6(a1) {α2, α3, α4, α5, α6, α7}
[ 1, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0, 0, 0, 0]5
4 7 10 8 6 3
51 1
A3 84
E7(a4) {α1, α2, α3, α4, α5, α6, α7} [ 0, 0, 0, 0, 0, 0, 0]3
4 8 12 9 6 3
6
1
A2 + 2A1 82
3
5
Table 3. Results for E7
Orbit Θ Weights Quiver Dual orbit d
D6 {α2, α3, α4, α5, α6, α7}
[−1, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0, 0, 0, 0, 0]
4 6 8 6 4 2
42
A2 66
E6(a1) {α1, α2, α3, α4, α5, α7}
[ 0, 0, 0, 0, 0, 1, 0]6
[ 0, 0, 0, 0, 0,−1, 0]7
3 6 9 7 5 3
5 1
1
4A1 70
E6 {α1, α2, α3, α4, α5, α7}
[ 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 1, 0]
2 4 6 5 4 3
3 2
3A1b 54
E7(a3) {α1, α2, α3, α4, α5, α6, α7} [ 0, 0, 0, 0, 0, 0, 0]2 3 6 8 6 4 2
41
3A1a 64
E7(a2) {α1, α2, α3, α4, α5, α6, α7} [ 0, 0, 0, 0, 0, 0, 0]5 2 4 6 5 4 2
3 1
2A1 52
E7(a1) {α1, α2, α3, α4, α5, α6, α7} [ 0, 0, 0, 0, 0, 0, 0]1 2 3 4 3 2 1
21
A1 34
3
6
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
0 ∅
[−1, 0, 0, 0, 0, 0, 0, 0]
[ 1,−1, 1,−1, 0, 0, 0, 0]
[ 0, 1,−1, 1, 0,−1, 0, 0]
[−1,−1, 1,−1, 0, 1,−1, 0]
[ 1, 2,−2, 1, 0, 0, 1, 0]
[−1, 0, 0, 1,−1, 0, 0,−1]
[ 1,−1, 0, 0, 1, 0, 0, 1]
[ 0, 0, 2,−2, 0, 0, 0,−1]
[ 0, 0,−1, 1, 0, 0, 0, 1]
46 89 130 106 80 54 28
653 2 2 2
E8 240
A1 {α7}
[−1, 0, 0, 0, 0, 0, 0, 0]
[ 1,−1, 1,−1, 0, 0, 0, 0]
[ 0, 1,−1, 1, 0,−1, 0, 0]
[ 0, 1,−1, 0, 0, 1, 0, 0]
[−1, 0, 0, 1,−1, 0, 0,−1]
[ 1,−1, 0, 0, 1, 0, 0, 1]
[ 0, 0, 2,−2, 0, 0, 0,−1]
[ 0, 0,−1, 1, 0, 0, 0, 1]
33 63 92 75 57 39 21
463 1 1 3
E8(a1) 238
2A1 {α5, α7}
[−1, 0, 0, 0, 0, 0, 0, 0]
[ 1,−1, 1,−1, 0, 0, 0, 0]
[ 0, 1,−1, 1, 0,−1, 0, 0]
[ 0, 1,−1, 0, 0, 1, 0, 0]
[ 0,−1, 0, 1, 0, 0, 0, 0]
[ 0, 0, 2,−2, 0, 0, 0,−1]
[ 0, 0,−1, 1, 0, 0, 0, 1]
20 37 54 44 34 24 14
273 4
E8(a2) 236
3A1 {α5, α7, α8}
[−1, 0, 0, 0, 0, 0, 0, 0]
[ 1,−1, 1,−1, 0, 0, 0, 0]
[ 0, 1,−1, 1, 0,−1, 0, 0]
[ 0, 1,−1, 0, 0, 1, 0, 0]
[ 0,−1, 0, 1, 0, 0, 0, 0]
[ 0, 0, 1,−1, 0, 0, 0, 0]
14 27 40 33 26 19 12
201 5
E8(a3) 234
3
7
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
A2 {α2, α3}
[ 2, 0, 0,−1, 0,−1, 0, 0]
[ 0, 0, 0, 0, 0,−1, 0, 0]
[−1, 0, 0, 0,−1, 3,−1, 0]
[ 0, 0, 0, 0, 2,−2, 0,−1]
[ 0, 0, 0, 0,−1, 1, 0, 1]
[ 0, 0, 0, 0, 0, 0, 1, 0]
[−1, 0, 0, 1, 0, 0, 0, 0]
30 58 85 69 53 37 19
432 1 2 1
1
E8(a3) 234
4A1 {α1, α3, α5, α7}
[ 0,−1, 0, 0, 0,−1, 0, 1]
[ 0,−1, 0, 0, 0,−1, 0, 1]
[ 0, 3, 0,−1, 0, 1, 0,−3]
[ 0,−1, 0, 1, 0, 1, 0, 0]
[ 0, 0, 0, 0, 0, 0, 0, 1]
29 58 87 72 57 38 19
44 4
1
E8(a4) 232
A2 + A1 {α2, α3, α7}
[ 0, 0, 0,−1, 0, 0, 0, 0]
[ 0, 0, 0, 0,−1, 1, 0, 0]
[−1, 0, 0, 0, 1,−1, 0, 0]
[ 0, 0, 0, 1,−1, 0, 0, 0]
[ 1, 0, 0, 0, 1, 0, 0,−1]
[ 0, 0, 0, 0, 0, 0, 0, 1]
24 48 72 59 45 31 17
37 1 3
2
E8(a4) 232
A2 + 2A1 {α1, α2, α4, α6}
[ 0, 0, 1, 0,−3, 0, 0, 0]
[ 0, 0, 0, 0, 1, 0,−1, 0]
[ 0, 0, 0, 0, 1, 0, 0,−1]
[ 0, 0,−1, 0, 1, 0, 0, 1]
[ 0, 0, 0, 0, 0, 0, 1, 0]
20 40 60 49 38 27 15
30
1
1 3
E8(b4) 230
A3 {α2, α3, α8}
[ 2, 0, 0,−1, 0,−1, 0, 0]
[ 0, 0, 0, 0, 0,−1, 0, 0]
[−1, 0, 0, 0,−1, 3,−1, 0]
[ 0, 0, 0, 0, 1,−1, 0, 0]
[ 0, 0, 0, 0, 0, 0, 1, 0]
[−1, 0, 0, 1, 0, 0, 0, 0]
24 48 71 58 45 32 17
361 2 2
1
E7(a1) 228
3
8
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
A2 + 3A1 {α1, α3, α5, α7, α8}
[ 0, 0, 0, 0, 0,−1, 0, 0]
[ 0, 1, 0,−2, 0, 2, 0, 0]
[ 0, 0, 0, 1, 0,−1, 0, 0]
[ 0,−1, 0, 1, 0, 0, 0, 0]
14 28 42 35 28 21 11
21 3 1
E8(a5) 228
2A2 {α1, α2, α4, α5}
[ 0, 0, 0, 0, 0, 0, 0,−1]
[ 0, 0, 0, 0, 0, 0, 0,−1]
[ 0, 0,−2, 0, 0, 2,−1, 3]
[ 0, 0, 1, 0, 0,−2, 1, 0]
[ 0, 0, 1, 0, 0, 0, 0,−1]
25 50 75 60 45 30 15
40
5
E8(a5) 228
2A2 + A1 {α1, α2, α4, α5, α7}
[ 0, 0,−1, 0, 0, 1, 0, 0]
[ 0, 0, 0, 0, 0, 1, 0, 0]
[ 0, 0, 1, 0, 0,−1, 0,−1]
[ 0, 0, 0, 0, 0,−1, 0, 1]
14 28 42 35 28 20 11
21 1 1 2
E8(b5) 226
A3 + A1 {α1, α2, α3, α5}
[ 0, 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 1, 0,−1]
[ 0, 0, 0, 0, 0, 0, 0,−1]
[ 0, 0, 0, 1, 0,−2, 2, 0]
[ 0, 0, 0,−1, 0, 1,−1, 2]
19 38 57 46 35 24 13
30 2
3
E8(b5) 226
D4(a1) {α2, α3, α4, α8}
[ 0, 0, 0, 0,−1, 1, 0, 0]3
[ 0, 0, 0, 0, 0, 0, 1, 0]7
[ 0, 0, 0, 0, 0, 1,−1, 0]7
[ 1, 0, 0, 0, 0,−1, 0, 0]7
[−1, 0, 0, 0, 1,−1, 0, 0]7
18 36 54 44 34 24 14
27
1
4
E8(b5) 226
D4 {α2, α3, α4, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0,−1, 1, 0]
[−1, 0, 0, 0, 0, 1, 0, 0]
[ 1, 0, 0, 0,−1, 1, 0, 0]
[ 0, 0, 0, 0, 1,−1, 0, 0]
10 20 30 25 20 15 10
15 5
E6 216
3
9
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
2A2 + 2A1 {α1, α2, α4, α5, α7, α8}
[ 0, 0,−1, 0, 0, 1, 0, 0]
[ 0, 0, 1, 0, 0,−2, 0, 0]
[ 0, 0, 0, 0, 0, 1, 0, 0]
14 28 42 35 28 20 10
21 1 2
E8(a6) 224
A3 + 2A1 {α1, α2, α3, α5, α7}
[ 0, 0, 0, 1, 0, 0, 0,−2]
[ 0, 0, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0,−1, 0, 1, 0, 1]
[ 0, 0, 0, 0, 0, 0, 0, 1]
15 29 43 35 27 19 10
221 1 1
1
E8(a6) 224
D4(a1) + A1 {α2, α3, α4, α7, α8}
[ 0, 0, 0, 0,−1, 1, 0, 0]3
[ 0, 0, 0, 0, 0, 1, 0, 0]6
[ 1, 0, 0, 0, 0,−1, 0, 0]7
[−1, 0, 0, 0, 1,−1, 0, 0]7
18 36 54 44 34 24 13
27
1
1 2
E8(a6) 224
A3 + A2 {α1, α2, α3, α5, α6}
[ 0, 0, 0,−1, 0, 0, 0, 1]
[ 0, 0, 0, 1, 0, 0, 0,−2]
[ 0, 0, 0, 0, 0, 0,−1, 1]
[ 0, 0, 0, 0, 0, 0, 1, 0]
14 25 36 29 22 15 8
183 1
D7(a1) 222
A4 {α1, α2, α3, α4}
[ 0, 0, 0, 0, 0, 0, 0,−1]
[ 0, 0, 0, 0, 1, 0, 0,−2]
[ 0, 0, 0, 0, 1,−1,−2, 1]
[ 0, 0, 0, 0, 0,−2, 3, 1]
[ 0, 0, 0, 0,−2, 3,−1, 1]
25 50 75 60 45 30 15
40
5
E7(a3) 220
A3 + A2 + A1 {α1, α3, α5, α6, α7, α8}
[ 0,−1, 0, 0, 0, 0, 0, 0]
[ 0, 2, 0,−1, 0, 0, 0, 0]
[ 0,−1, 0, 1, 0, 0, 0, 0]
15 30 44 36 28 19 10
221 1 1
E8(b6) 220
4
0
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
D4 + A1 {α2, α3, α4, α6, α8}
[−1, 0, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0, 0,−1, 0, 0, 0]
[ 0, 0, 0, 0, 1, 0,−1, 0]
[ 0, 0, 0, 0, 0, 0, 1, 0]
14 26 38 31 24 17 9
192 1 1
E6(a1) 214
D4(a1) + A2 {α2, α3, α4, α6, α7, α8}
[ 1, 0, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0, 1, 0, 0, 0]1
[ 0, 0, 0, 0,−1, 0, 0, 0]4
16 30 44 36 27 18 9
222 1
A7 218
A4 + A1 {α1, α2, α3, α4, α6}
[ 0, 0, 0, 0,−1, 0, 1, 0]
[ 0, 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 1, 0, 0,−1]
[ 0, 0, 0, 0, 0, 0, 0, 1]
13 26 39 32 25 18 10
20 1 2
1
E6(a1) + A1 218
2A3 {α1, α2, α3, α5, α6, α7}
[ 0, 0, 0,−1, 0, 0, 0, 1]
[ 0, 0, 0, 1, 0, 0, 0,−2]
[ 0, 0, 0, 0, 0, 0, 0, 1]
13 24 35 28 21 14 7
182
1
D7(a2) 216
D5(a1) {α1, α2, α3, α4, α8}
[ 0, 0, 0, 0, 0, 0, 1, 0]2
[ 0, 0, 0, 0,−1, 2,−1, 0]7
[ 0, 0, 0, 0, 1,−1,−1, 0]7
[ 0, 0, 0, 0, 0,−1, 1, 0]7
13 26 38 31 24 17 10
191 3
E6(a1) 214
A4 + 2A1 {α1, α4, α5, α6, α7, α8}
[ 0, 1,−1, 0, 0, 0, 0, 0]
[ 0,−1, 0, 0, 0, 0, 0, 0]
[ 0, 0, 1, 0, 0, 0, 0, 0]
21 41 60 48 36 24 12
301 1
1
D7(a2) 216
4
1
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
A4 + A2 {α1, α2, α4, α5, α6, α7}
[ 0, 0, 1, 0, 0, 0, 0,−2]
[ 0, 0,−1, 0, 0, 0, 0, 1]
[ 0, 0, 0, 0, 0, 0, 0, 1]
12 24 36 29 22 15 8
19 1
2
D5 + A2 214
A5 {α1, α2, α3, α4, α5}
[ 0, 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0,−1, 1, 0]
[ 0, 0, 0, 0, 0, 1, 0,−1]
[ 0, 0, 0, 0, 0, 0, 0, 1]
11 22 33 27 21 15 9
17 3
1
D6(a1) 210
D5(a1) + A1 {α1, α2, α3, α4, α6, α8}
[ 0, 0, 0, 0,−1, 0, 1, 0]3
[ 0, 0, 0, 0, 1, 0, 0, 0]5
[ 0, 0, 0, 0, 0, 0,−1, 0]7
18 36 54 44 34 23 12
27
1
1 1
E7(a4) 212
A4 + A2 + A1 {α1, α2, α4, α5, α6, α7, α8}
[ 0, 0,−1, 0, 0, 0, 0, 0]
[ 0, 0, 1, 0, 0, 0, 0, 0]
20 40 60 48 36 24 12
30
2
A6 + A1 212
D4 + A2 {α2, α3, α4, α6, α7, α8}
[−1, 0, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0, 0,−1, 0, 0, 0]
[ 0, 0, 0, 0, 1, 0, 0, 0]
14 26 38 31 24 16 8
192 1
A6 210
4
2
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
E6(a3) {α1, α2, α3, α4, α5, α8}
[ 0, 0, 0, 0, 0,−1,−1, 0]4
[ 0, 0, 0, 0, 0, 1, 0, 0]6
[ 0, 0, 0, 0, 0, 0, 1, 0]7
14 28 42 35 27 19 10
21 1 1 1
D5 + A1 208
D5 {α1, α2, α3, α4, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 1,−2, 1, 0]
[ 0, 0, 0, 0,−1, 1, 1, 0]
[ 0, 0, 0, 0, 0, 1,−1, 0]
8 16 24 20 16 12 8
12 4
D5 200
A4 + A3 {α1, α2, α3, α5, α6, α7, α8}
[ 0, 0, 0,−1, 0, 0, 0, 0]
[ 0, 0, 0, 1, 0, 0, 0, 0]
16 32 48 40 30 20 10
24 2
E8(a7) 208
A5 + A1 {α1, α2, α3, α4, α5, α7}
[ 0, 0, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 0, 0, 1, 0,−1]
[ 0, 0, 0, 0, 0, 0, 0, 1]
11 22 33 27 21 15 8
17 1 1
1
E8(a7) 208
D5(a1) + A2 {α1, α2, α3, α4, α6, α7, α8}
[ 0, 0, 0, 0,−1, 0, 0, 0]3
[ 0, 0, 0, 0, 1, 0, 0, 0]5
16 32 48 39 30 20 10
24
1
1
E7(a5) 206
D6(a2) {α2, α3, α4, α5, α6, α8}
[ 1, 0, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0, 0, 0,−1, 0]4
[ 0, 0, 0, 0, 0, 0, 1, 0]7
14 27 40 33 25 17 9
201 1 1
D5(a1) + A2 202
4
3
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
E6(a3) + A1 {α1, α2, α3, α4, α5, α7, α8}
[ 0, 0, 0, 0, 0,−1, 0, 0]3
[ 0, 0, 0, 0, 0, 1, 0, 0]6
14 28 42 34 26 18 9
21
1
1
A5 + A1 202
E7(a5) {α1, α2, α3, α4, α5, α6, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]3
[ 0, 0, 0, 0, 0, 0, 1, 0]7
12 24 36 29 22 15 8
18
1
1
A4 + A3 200
D5 + A1 {α1, α2, α3, α4, α6, α8}
[ 0, 0, 0, 0,−1, 0, 0, 0]
[ 0, 0, 0, 0, 1, 0,−1, 0]
[ 0, 0, 0, 0, 0, 0, 1, 0]
12 24 36 30 24 17 9
18 1 1 1
E6(a3) 198
E8(a7) {α1, α2, α3, α4, α5, α6, α7, α8}
[ 0, 0, 0, 0, 0, 0, 0, 0]4
[ 0, 0, 0, 0, 0, 0, 0, 0]4
16 32 48 40 30 20 10
24 2
E8(a7) 208
A6 {α1, α2, α3, α4, α5, α6}
[ 0, 0, 0, 0, 0, 0, 1,−1]
[ 0, 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 0, 0, 1]
11 21 31 25 19 13 7
161 1
1
D4 + A2 198
D6(a1) {α2, α3, α4, α5, α6, α8}
[ 1, 0, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0, 0, 0,−1, 0]5
[ 0, 0, 0, 0, 0, 0, 1, 0]7
12 23 34 28 22 15 8
171 1 1
A5 196
4
4
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
A6 + A1 {α1, α3, α4, α5, α6, α7, α8}
[ 0,−1, 0, 0, 0, 0, 0, 0]
[ 0, 1, 0, 0, 0, 0, 0, 0]
14 28 40 32 24 16 8
202
A4 + A2 + A1 196
E7(a4) {α1, α2, α3, α4, α5, α6, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]4
[ 0, 0, 0, 0, 0, 0, 1, 0]7
10 20 30 25 19 13 7
15 1 1
D5(a1) + A1 196
E6(a1) {α1, α2, α3, α4, α5, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]2
[ 0, 0, 0, 0, 0, 1, 0, 0]6
[ 0, 0, 0, 0, 0,−1, 1, 0]7
13 26 38 31 24 17 9
191 1 1
D4 + A1 184
D5 + A2 {α1, α2, α3, α4, α6, α7, α8}
[ 0, 0, 0, 0,−1, 0, 0, 0]
[ 0, 0, 0, 0, 1, 0, 0, 0]
12 24 36 30 24 16 8
18 2
A4 + A2 194
D6 {α2, α3, α4, α5, α6, α8}
[−1, 0, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 0, 1, 0]
8 15 22 18 14 10 6
111 2
A4 180
E6 {α1, α2, α3, α4, α5, α8}
[ 0, 0, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 0, 0, 1,−1, 0]
[ 0, 0, 0, 0, 0, 0, 1, 0]
8 16 24 20 16 12 7
12 1 2
D4 168
D7(a2) {α2, α3, α4, α5, α6, α7, α8}
[ 1, 0, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0, 0, 0, 0, 0]4
12 23 34 28 21 14 7
171 1
2A3 188
4
5
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
A7 {α1, α2, α3, α4, α5, α6, α7}
[ 0, 0, 0, 0, 0, 0, 0,−1]
[ 0, 0, 0, 0, 0, 0, 0, 1]
10 20 30 24 18 12 6
16
2
D4(a1) + A2 184
E6(a1) + A1 {α1, α2, α3, α4, α5, α7, α8}
[ 0, 0, 0, 0, 0,−1, 0, 0]5
[ 0, 0, 0, 0, 0, 1, 0, 0]6
10 20 30 25 20 14 7
15 1 1
A4 + A1 188
E7(a3) {α1, α2, α3, α4, α5, α6, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]2
[ 0, 0, 0, 0, 0, 0, 1, 0]7
9 18 26 21 16 11 6
131 1
A4 180
E8(b6) {α1, α2, α3, α4, α5, α6, α7, α8} [ 0, 0, 0, 0, 0, 0, 0, 0]3
10 20 30 24 18 12 6
15
1
A3 + A2 + A1 182
D7(a1) {α2, α3, α4, α5, α6, α7, α8}
[ 1, 0, 0, 0, 0, 0, 0, 0]1
[−1, 0, 0, 0, 0, 0, 0, 0]5
10 19 28 23 18 12 6
141 1
A3 + A2 178
E6 + A1 {α1, α2, α3, α4, α5, α7, α8}
[ 0, 0, 0, 0, 0,−1, 0, 0]
[ 0, 0, 0, 0, 0, 1, 0, 0]
8 16 24 20 16 12 6
12 2
D4(A1) 166
4
6
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
E7(a2) {α1, α2, α3, α4, α5, α6, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]5
[ 0, 0, 0, 0, 0, 0, 1, 0]7
8 16 24 20 16 11 6
12 1 1
A3 + A1 164
E8(a6) {α1, α2, α3, α4, α5, α6, α7, α8} [ 0, 0, 0, 0, 0, 0, 0, 0]4 8 16 24 20 15 10 5
12 1
2A2 + 2A1 168
D7 {α2, α3, α4, α5, α6, α7, α8}
[−1, 0, 0, 0, 0, 0, 0, 0]
[ 1, 0, 0, 0, 0, 0, 0, 0]
8 14 20 16 12 8 4
102
2A2 156
E8(b5) {α1, α2, α3, α4, α5, α6, α7, α8}
[ 0, 0, 0, 0, 0, 0, 0, 0]1
[ 0, 0, 0, 0, 0, 0, 0, 0]6
8 15 22 18 14 10 5
111 1
2A2 + A1 162
E7(a1) {α1, α2, α3, α4, α5, α6, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]1
[ 0, 0, 0, 0, 0, 0, 1, 0]7
6 11 16 13 10 7 4
81 1
A3 148
E8(a5) {α1, α2, α3, α4, α5, α6, α7, α8} [ 0, 0, 0, 0, 0, 0, 0, 0]2 7 14 20 16 12 8 4
101
A2 + 3A1 154
E8(b4) {α1, α2, α3, α4, α5, α6, α7, α8} [ 0, 0, 0, 0, 0, 0, 0, 0]5 6 12 18 15 12 8 4
9 1
A2 + 2A1 146
4
7
Table 4. Results for E8
Orbit Θ Weights Quiver Dual orbit d
E7 {α1, α2, α3, α4, α5, α6, α8}
[ 0, 0, 0, 0, 0, 0,−1, 0]
[ 0, 0, 0, 0, 0, 0, 1, 0]
4 8 12 10 8 6 4
6 2
A2 114
E8(a4) {α1, α2, α3, α4, α5, α6, α7, α8} [ 0, 0, 0, 0, 0, 0, 0, 0]8 5 10 15 12 9 6 3
8
1
4A1 128
E8(a3) {α1, α2, α3, α4, α5, α6, α7, α8} [ 0, 0, 0, 0, 0, 0, 0, 0]6 4 8 12 10 8 6 3
6 1
3A1 112
E8(a2) {α1, α2, α3, α4, α5, α6, α7, α8} [ 0, 0, 0, 0, 0, 0, 0, 0]1 4 7 10 8 6 4 2
51
2A1 92
E8(a1) {α1, α2, α3, α4, α5, α6, α7, α8} [ 0, 0, 0, 0, 0, 0, 0, 0]7 2 4 6 5 4 3 2
3 1
A1 58
4
8
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Appendix B. Zero Weight Multiplicity
We make a comment about the multiplicity of the zero weight in unpolarized defects. This
is relevant for two of the defects analyzed in appendix A: one has Bala–Carter label E7(a5)
in g = E7, and the other has Bala–Carter label E8(b5) in g = E8. For both of these, WS is
the set of the zero weight only, but appearing twice. In the little string, at finite ms, defects
usually add up in a linear fashion [28, 6]. If a subset of weights in WS adds up to zero,
then one is simply describing more than one elementary defect. In the case of polarized
defects, where a direct Toda interpretation is available, we would refer to this situation as a
higher-than-three point function on the sphere. We note here that for the two unpolarized
defects we mentioned, this is not the case. For both cases, the zero weight is required
to appear twice and does characterize a single exotic defect, with Bala–Carter label given
above. In particular, E7(a5) and E8(b5) are not engineered in the little string as the sum of
two elementary defects with a single zero weight. See Figure 9 for the example of E7(a5).
5 10 14 11 8 4
71 1
ω1 : [0, 0, 0, 0, 0, 0, 0]
ω2 : [0, 0, 0, 0, 0, 0, 0]
Coulomb dim. of T 2dms→∞: 45Bala–Carter label: E7(a5)
3 6 8 6 4 2
41
ω1 : [0, 0, 0, 0, 0, 0, 0]
Bala–Carter label: E7(a3)
Coulomb dim. of T 2dms→∞: 32
2 4 6 5 4 2
3 1
ω2 : [0, 0, 0, 0, 0, 0, 0]
Bala–Carter label: E7(a2)
Coulomb dim. of T 2dms→∞: 26
Figure 9. In the little string, at finite ms, defects add up in a linear fash-
ion. For instance, the E7 defect shown on top is the sum of the two defects
shown under it. For polarized defects, we usually refer to this situation as
a four-punctured sphere: two full punctures and two punctures each labeled
by the zero weight. However, in the ms → ∞, the defect really should be
thought of as a three punctured sphere, with two full punctures and an exotic
puncture given by a combination of the two zero weights, which cannot be
split apart. As a quick check, this is confirmed by noting that the Coulomb
branch dimension of T 2dms→∞ is not additive.
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